
 Modulelength

let M be an R module Instead of looking at

increasing chains of submodules like w Noetherian
modules we consider decreasingchains

Def M is Artinian if every strictly decreasing chain of
submodules terminates or ideals in the case of rings

We'll soon see That all Artinian rings are always
Noetherian In fact we'll provesomething much stronger
First some definitions

M Mo M Mn is a chain of submodules of length

The chain is a compositions if each MYµj is a

nonzero simplemodule i e it has no nonzero proper
submodules

Equivalently a composition seriesis a mail chain of submodules

The length of M is the leastlength of a composition series

or a if it has no finite composition series In fact we'll
see that all composition series havethe same length



Remark Since Mi µi is simple it is generatedby any
nun zero element a So we get1 a

R MYµi with kernel

D reR r Mimi o ann MYMi so

Mi Mi Rfp Since the module is simple P must be
maximal

Them M has a finite composition series i ft M is

Artinian and Noetherian

Ifi Suppose M is Artinian and Noetherian By ACC

we can find a Max't propersubmodule M a Max't
submodule Ma of M etc ByDCC this terminates infinitely
many steps

For the other direction we assert the following

Claim If M has a finite composition series of length n then

every chain of submodules has length E n and can be

refined to a composition series

m Let M EM a proper submodule
Consider M MonM MAM 3MnAM O



Can show by induction that if these are all proper
containment M Mo M a contradiction

Now suppose M No N 2Np is another chain of
submodules WIS KE h

If n O thin M O and we're done By above
length N L lengthM so byinduction K Isn l

and we're done D

The claim finishes the proof of the theorem since every
chain has finite length D

Now we come back to rings to see howwe can

ultimately interpret Artinianness geometrically

Them let R be a ring The following are equivalent
a R is Noetherian and all its primeideals are maximal

b R is a finite length R module

c R is Artinian

Moreover if these are satisfied R hasonly finitely many
maximal ideals



PI a b Suppose R is not of finite length

let ICR be an ideal Max't w r t the property that
R I is not of finite length

WTS I is prime Let a b c R set abe I

Consider It a ZI If a I this containment

is proper so PYI a has finite length

We have an exact sequence
o 4

R I PYI a 0I

But notice Fifa III is an isomorphism

Surjectivity is clear and if X 0 then xaeI

so x c Iia

tf bet I then I a I so I a also has
finite length

Combining the twocomposition series RII has finite
length which is a contradiction

Thus I is prime and thus Max l so PYI is a field
Thus R does in fact have finite length

b c Follows from previous theorem



c a Suppose R is Artinian

Claim o is a product of max l ideals

PLofClaim since 12 is Artinian we can choose
a min't ideal J among products of Max't ideals

Thus f mail MER MJ J Jem and J2 J

Choose I min'tamong ideals not annihilating J

Then IJ J IT IT 1 0

But IT C I so by minimality IT I

Choose f c I s t FJ 1 0 By minimality f I

Since IT I I g c J s t f fg f l g D

But g is in every Max't ideal so l g is in none

so t g is a unit f O J O D

Thus we now have 0 mi me for me Max's ideals

and t s is a vectorspacem ms m Msn

over
R
ms



Any descending chain of subspaces corresponds to a chain

of ideals in R which is finite Thus the vector
space is finite dimensional

Putting together these composition series we get a
finite composition series for R so R has finite
length so it's Noetherian

Now suppose P is prime Then P 20 m me
P 2mi some i P is Max l

In particular every Max 1 ideal is one of the mi so

there are only finitely many D

what does this mean geometrically

Cer Let R be a ring Then R is Artinian Spec R

is finite Infact the converseholdsaswell

In fact if R is a k algebra with k bi eg
k

Then in this case R E K as K vector spaces

and l lengthof R of pts of spec R upto multiplicity

Ex D 12 43 Spec R o and has length l i R O



Also kG E kG y
peignot Poaity'T

2 let R tff Spee R x x D o isn'tprime

R is generated as a k vectorspace by 1 and x

so R Ek and it has comp series R x Z o

3 let R Efi Spec R ay

But R ER2 gen by 1 y and it has comp series

R2 Y 767
Spec R corresponds to a schemey point

I a point w a tangent direction

Think of this as roughly the limit of two colliding points
on a line

f


